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Because of some disadvantages of conventional tubular reactors (CTRs), the concept
of spherical membrane reactors is proposed as an alternative. In this study, it is sug-
gested to apply hydrogen perm-selective membrane in the axial-flow spherical packed-
bed naphtha reformers. The axial flow spherical packed-bed membrane reactor (AF-
SPBMR) consists of two concentric spheres. The inner sphere is supposed to be a com-
posite wall coated by a thin Pd-Ag membrane layer. Set of coupled partial differential
equations are developed for the AF-SPBMR model considering the catalyst deactiva-
tion, which are solved by using orthogonal collocation method. Differential evolution
optimization technique identifies some decision variables which can manipulate the
input parameters to obtain the desired results. In addition to lower pressure drop, the
enhancement of aromatics yield by the membrane layer in AF-SPBMR adds additional
superiority to the spherical reactor performance in comparison with CTR. VVC 2011
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Introduction

The main idea of the catalytic naphtha reforming process
is to achieve a rich aromatic product stream, which is suita-
ble as a gasoline blend stock. The feed is a hydro treated
naphtha stream. The naphtha feed constitutes typically 15–
30% by weight of the crude oil and is separated from the
middle section of the atmospheric distillation tower.1 Hydro-
gen is another important substance in the modern refineries,

which is produced during the catalytic reforming process.
Hydrogen has become increasingly valuable because it is
used in hydro processing units for sulfur and nitrogen re-
moval as well as the hydro cracking process.1,2 Because
there is an increasing demand for reformate, a minimal
revamp of the process improvement is required to maximize
refiners existing asset utilization.1 Because of the importance
and impact of the naphtha reforming unit on the overall re-
finery profits, it would be useful to revamp the reforming
strategies to gain more benefits.1,3 Therefore, many research-
ers have focused on this subject. First, a group of researchers
tried to find a proper reaction network such as: Smith4 (as a
pioneer), Weifeng et al.,5 Stijepovic et al.,6 Ramage et al.,7,8
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Krane et al.,9 Kmak,10 Marin et al.,11 and Juarez and
Macias.12 Furthermore, Li et al.,13 Mostafazadeh and Rahim-
pour,14 Weifeng et al.,15 Rahimpour,16 Taskar and Riggs,17

Juarez et al.,18 and Iranshahi et al.19 have enhanced the pro-
duction of more valuable products by means of optimizing
and improving operating conditions. The last attempts were
on the catalyst preparation and the effect of coke deposition
on the catalyst surface. The studies in this field were carried
out by Pieck et al.,20 Martin et al.,21 Ren et al.,22 Borgna
et al.,23 Viswanadham et al.,24 and Carvalho et al.25

The increasing demand for hydrogen has led to a revival
in methods of hydrogen separation from gas mixtures in pe-
troleum refineries and petrochemical industries in recent
years.26,27 As hydrogen separation occurs at high tempera-
ture and pressure, membranes are acceptable choices for
hydrogen separation in the refineries. A Pd–Ag membrane
layer with the silver content of 23–25% is extensively used
for hydrogen separation.28,29 As many as 100 membrane
plants have been installed in refineries; the opportunity exists
in other refineries to use this technology for hydrogen pro-
duction.30 Key requirements for the successful development
of palladium-based membranes are low cost and high selec-
tivity when accompanied by considerable mechanical/thermal
and long term stability.31 Unemotoa et al.32 measured the
hydrogen permeation rate through a Pd–Ag 23 wt % alloy
membrane at temperatures up to 873 K.

The aim objective of this study is to investigate the per-
formance and the capability of using axial flow spherical
packed-bed membrane reactor (AF-SPBMR) in comparison
with conventional tubular reactor (CTR). The superiority of
AF-SPBMR configuration in comparison with CTR and tu-
bular packed-bed membrane reactor (TMR) is briefly out-
lined as follows:
• Significantly lower pressure drop in comparison with

CTR and TMR and consequently lower required power sup-
ply of recompression.
• Lower pressure drop permits the possibility of using

smaller catalyst particles, which eliminates the internal mass
transfer limitation.
• The possibility of using higher feed flow rate and

increasing the plant productivity.
• Lower fabrication costs due to a reduction in the reactor

thickness.33

• A great reduction in the membrane surface area in use
and the related costs. The membrane surface area in use
reduces 37.18%, 33.73%, and 29.10% for each reactor com-
pared with TMR.

The feed maldistribution and the possibility of two-dimen-
sional flow regimes are probably the most drawbacks of AF-
SPBMR configuration. Using specific devices such as flow
distributors along the reactor may be necessary. Furthermore,
more studies are needed on the possibility of fabricating
spherical membrane and also special attention should be
paid to the membrane and its maintenance.

The effect of applying Pd–Ag membrane layer in the
axial-flow spherical packed-bed reactors on products yield is
investigated in this study. Most of the parameters of the sys-
tem such as heat capacity, viscosity, molecular weight, den-
sity, and total molar flow rate are taken into consideration as
variable parameters. Because spherical reactors (Sphs) have
much lower pressure drop compared with CTR, they can

operate at higher feed flow rates. In other words, the inlet
flow rate to Sphs can be increased multifold (i.e., flow aug-
mentation) in comparison with CTR. However, a flow ratio
augmentation has a negative effect on products yield. As
will be illustrated, differential evolution (DE) optimization
technique is applied to compensate this undesired effect. The
results show that the performance of AF-SPBMR improves
significantly in comparison with CTR.

Kinetics of Reactions

To investigate the kinetics of multicomponent naphtha
mixture, a kinetic scheme is considered based on Smith’s
model.4 The four related reactions are as follows:

Naphthenes ðCnH2nÞ $ Aromatics ðCnH2n�6Þ þ 3H2 (1)

Naphthenes ðCnH2nÞ þ H2 $ Paraffins ðCnH2nþ2Þ (2)

Naphthenes ðCnH2nÞ þ n=3H2 $ Lighter ends ðC1AC5Þ (3)

Paraffins ðCnH2nþ2Þ þ ðn� 3Þ=3H2 $ Lighter ends ðC1AC5Þ
(4)

The corresponding reaction rates are as follows:

r1 ¼ kf1
Ke1

� �
ðke1pn � paph

3Þ (5)

r2 ¼ kf2
Ke2

� �
ðke2pnph � ppÞ (6)

r3 ¼ kf3
pt

� �
pn (7)

r4 ¼ kf4
pt

� �
pp (8)

The reaction rate constants (kfi), equilibrium constants (Kei
),

activation energies (Ei), and standard heat of reactions (DH2898 K)
are presented in Table 1.34

More details about the reactions and how to find the acti-
vation energy can be found in previous publication.14

Process Description

Conventional tubular reactor

Some of the desirable reactions which take place in cata-
lytic naphtha reforming process are highly endothermic. The
catalytic naphtha reforming process has higher efficiency at

Table 1. Rate Constants and Heat of Reactions for Naphtha
Reforming

k ¼ A exp
(B � E/1.8T) A B

E
(kJ/kmol)

DH (kJ/kmol
of H2)

kf1 9.87 23.21 36,350 71038.06
kf2 9.87 35.98 58,550 �36953.33
kf3 1 42.97 63,800 �51939.31
kf4 1 42.97 63,800 �56597.54
ke1 1.04 � 10�3 46.15 46,045 –
ke2 9.87 �7.12 8000 –
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high temperatures. Figure 1 shows a simplified scheme for the
traditional naphtha reforming process in tubular reactors (tub).
Liquid naphtha feed is mixed with a recycled gas stream con-
taining 60–90% hydrogen. The recycled hydrogen can adjust
the H2/HC molar ratio through the reactors to prevent poly-
merization and coke formation, which can increase the risk of
catalyst deactivation. The total reactor charge is preheated and
directed to the first reactor. It flows axially through the
packed-bed reactor and chemical reactions take place on the
surface of the catalyst. The reactor discharge stream should be
preheated in interstage kilns before entering the next reactor.
The effluent from the last reactor is cooled, and then enters
the separators which produce reformates as the bottom prod-
ucts. Table 2 shows the specific properties and operating con-
ditions of the conventional process.

Conceptual scheme for an axial-flow spherical
packed-bed membrane reactor

Because of some disadvantages of CTR such as high pres-
sure drop along the reactor, high manufacturing costs, and
low production capacity, the alternative choice of using
Sphs is proposed. A novel idea in Sphs is the application of
a membrane layer for hydrogen removal from the reaction
side to shift the thermodynamic equilibrium to the products
side. Membrane technology can be easily assisted in AF-
SPBR, whereas it is hard to be applied in radial flow spheri-
cal packed-bed reactor. A schematic diagram of AF-SPBMR
for naphtha reforming process is presented in Figure 2a. As
it is shown in Figure 2b, AF-SPBMR consists of two con-
centric spheres in which the surface of the inner sphere is
coated by a hydrogen perm-selective membrane layer.
According to Uemiya,35 self-supporting metallic membranes
specially Pd based ones become unattractive for hydrogen
separation in most cases due to their high cost, low perme-
ance, and low chemical stability. Consequently, these mem-
branes are generally prepared as thin films on porous sup-
port to provide a mechanical support. Catalysts are situated
in the inner sphere (tube side). The naphtha feed flows axi-
ally through the packed-bed of the inner sphere. The sweep-
ing gas which has a similar composition analysis to the
recycled stream (0.695 mol % hydrogen) enters the outer

sphere (shell side). Hydrogen is produced as a result of
chemical reactions on the surface of the catalyst. Hydrogen
permeates through the Pd–Ag membrane layer to the shell
side and the sweeping gas carries the permeated hydrogen.
According to the Le Chatelier’s Principle, the reaction is
shifted toward the product side mainly due to hydrogen re-
moval from the reaction side. Thus, higher product yields
are achieved in AF-SPBMR in comparison with CTR. The
cross-sectional area is smaller in the inlet and the outlet of
the inner sphere and it causes a significant pressure drop.
Therefore, it is preferred to fill the space between the two
perforated screens with catalysts. These perforated screens
act as a mechanical support and cause more uniform feed

Figure 1. A simple process flow diagram for catalytic naphtha reforming process.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 2. Specifications of Reactors, Feed, Product, and
Catalyst of Plant for Fresh Catalyst

Parameter Numerical Value Unit

Naphtha feed stock 30.41 � 103 kg/h
Reformate 24.66 � 103 kg/h
H2/HC mole ratio 4.74 –
LHSV 1.25 h�1

Mole percent of
hydrogen in recycle

69.5 –

Diameter and length
of first reactor

1.25, 6.29 m

Diameter and length
of second reactor

1.67, 7.13 m

Diameter and length
of third reactor

1.98, 7.89 m

Distillation fraction of naphtha feed and reformate
TBP Naphtha feed (�C) Reformate (�C)

IBP 106 44
10% 113 73
30% 119 105
50% 125 123
70% 133 136
90% 144 153
FBP 173 181

Typical properties of catalyst
dp 1.2 mm
Pt 0.3 wt %
Re 0.3 wt %
Sa 220 m2/g
qB 0.3 kg/l
e 0.36 –
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distribution. The specific properties and operating conditions
of spherical configuration are reported in Table 3.

Mathematical Modeling

AF-SPBMR model

As shown in Figure 3, a computation element with the
thickness of dz is taken into consideration. The parts related
to the inner and the outer spheres are clearly recognized in
this element. The situation of the membrane can be seen in
this figure. The naphtha feed with a flow rate of F1 enters,
reacts, and eventually leaves the element of the inner sphere,
whereas the hydrogen permeates through the membrane
layer. The sweeping gas with a flow rate of F2 enters, car-
ries the permeated hydrogen and leaves the element of the
outer sphere. The mass and energy balance equations
obtained by analyzing this element are written for both
sides. They must be coupled with the deactivation model,36

pressure drop model37 and also thermodynamic and kinetic
relations as well as auxiliary correlations for predicting the
AF-SPBMR performance. In this study, a homogeneous one-

dimensional (1-D) model has been taken into consideration.
The results of the modeling section are described in Table
4. The results of CTR modeling can be found in the previ-
ous work.19

Figure 2. Schematics for (a) process flow diagram and (b) flow pattern of spherical membrane reactor in catalytic
naphtha reforming.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 3. Specifications and Characteristics for Spherical
Configuration

Parameter
First

Reactor
Second
Reactor

Third
Reactor

Tube-side radius (m) 1.37 1.57 1.86
Shell-side radius (m) 1.57 1.77 2.06
Inlet temperature (K) 777 777 775
Catalyst distribution (wt %) 0.2 0.3 0.5
Membrane thickness (lm) 10 10 10
L/R 0.8 0.8 0.8
Minimum H2/HC ratio 4.73 4.73 4.73
Membrane reactor radius (m) 1.37 1.57 1.86
Shell side radius (m) 1.42 1.62 1.91
Permeation side characteristic
Inlet pressure (kPa) 1025 1780 1921
Inlet temperature (K) 777 768 766
Sweep gas composition (H2) 0.695 0.738 0.761
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Modeling assumptions

A 1-D model has been applied in this study. The follow-
ing assumptions are made in the mathematical modeling of
AF-SPBMR.
• A homogeneous catalytic packed bed (symmetric cata-

lytic bed) is considered to lump the radial coordinate.
• Plug flow pattern is considered in the reactor.
• Axial heat and mass diffusion is neglected.
• Reactions take place on the catalyst particles.
• Hydrogen diffusion in the radial direction is negligible.
• Bed porosity is constant in axial and radial directions.
• Concentration and temperature are considered to be

lumped in the radial direction.
• Intra-pellet heat and mass diffusion in catalyst pellet are

neglected.
• Gases are assumed to be ideal.
• Heat loss is neglected (insulated outlet wall).
The following assumptions are made for the membrane

layer:
• A supported membrane layer is used.
• Concentration polarization is negligible through the

membrane layer and a lumped concentration is considered
through the membrane.
• Membrane is a hydrogen perm-selective layer.
• Infinite selective membrane is considered.
• The Sievert’s law is applicable.
• The effect of support is not considered on the mem-

brane permeation rate.

Numerical Solution

To solve the set of equations, a two-stage procedure con-
sisting of a steady-state stage followed by a dynamic stage
has been applied. The initial condition for the dynamic stage
is achieved by solving the equation of the steady-state stage.
In the steady-state stage, all the time variants are set to zero
and the catalyst activity is considered to be one. Thus, the
results of the steady-state stage are used as the initial condi-
tions for the time–integration of the dynamic state equations
in each node through the reactor. The auxiliary correlations
are presented in Appendix A.

Figure 3. A computation element with the thickness of
dz.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 4. Mass and Energy Balance Equations for Axial-Flow
Spherical Reactor

Fluid phase (Tube side)

Dej

1

Ac1

@

@z
Ac1

@Cj

@z

� �
� 1

Ac1

@ðuz1Ac1CjÞ
@z

þ qBa
Xm
i¼1

mijri

� Ap

Ac

JH2
¼ e

@Cj

@t
j ¼ 1; 2;…; n i ¼ 1; 2;…;m ð9Þ

keff
1

Ac1

@

@z
Ac1

@T

@z

� �
� 1

Ac1

@

@z
ðqAc1uz1CpðT � TrefÞÞ

� Ap

Ac

JH2
CpðTShell � TÞ

� �
þ Ap

Ac

UðTShell � TÞ
� �

þ qBa
Xm
i¼1

DHiri ¼ e
@

@t
ðqCpðT � TrefÞÞ ð10Þ

Fluid phase (Shell side)

Dej

1

Ac1

@

@z
Ac1

@Cj

@z

� �
� 1

Ac1

@ðuz1Ac1CjÞ
@z

þ Ap

Ac

JH2
¼ e

@Cj

@t
j ¼ 1; 2;…; n i ¼ 1; 2;…;m ð11Þ

keff
1

Ac1

@

@z
Ac1

@T

@z

� �
� 1

Ac1

@

@z
ðqAc1uz1CpðT � TrefÞÞ

þ Ap

Ac

JH2
CpðTShell � TÞ

� �
� Ap

Ac

UðTShell � TÞ
� �

¼ e
@

@t
ðqCpðT � TrefÞÞ

ð12Þ
Hydrogen permeation rate38

JH2
¼

Q0 expð� EH2

RgT
Þ

dH2

ð
ffiffiffiffiffiffiffiffiffiffi
Ptube
H2

q
�

ffiffiffiffiffiffiffiffiffiffiffi
PTube
H2

q
Þ

Q0 ¼ 1:65� 10�5 molm�1s�1kPa
�1
2 ; EH2

¼ 15:7kjmol�1 ð13Þ

Additional relations

Ac ¼ p½R2 � ðz� L1Þ2� (14)

Ap ¼ 2p½R2 � ðz� L1Þ2�0:5 (15)

Boundary and initial conditions

z ¼ 0 : Cj ¼ Cj0; T ¼ T0 (16)

z ¼ L1 þ L2 :
@Cj

@z
¼ 0;

@T

@z
¼ 0 (17)

t ¼ 0;Cj ¼ Css
j ; T ¼ Tss; Ts ¼ Tss

s ; a ¼ 1; (18)

Ergun equation (pressure drop)

dP

dz
¼ 150l

/2
sd

2
p

ð1� eÞ2
e3

Q

Ac

þ 1:75q
/sdp

ð1� eÞ
e3

Q2

A2
c

(19)

Catalyst deactivation

da

dt
¼ �Kd exp �Ed

Rg

1

T
� 1

TR

� �� �
a7

TR ¼ 770K;Ed ¼ 1:642� 105jmol�1; Kd ¼ 5:926� 10�5h�1 ð20Þ
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This set of equations is solved by means of the orthogonal
collocation method.39,40 The orthogonal collocation method
is presented in Appendix B. The system of PDEs is trans-
formed into an ordinary differential equation (ODE) system
by means of the orthogonal collocation method. Energy and
mass balance equations are developed for each point. The
system of ODEs is integrated by a modified second-order
Rosenbrock formula. It is noted that this method is well
suited for systems of stiff equations.41

Model Validation

Dynamic model validation

The validity of the mentioned model has been checked by
comparing the applied data with the observed experimental
data42 of the industrial packed-bed reactor over 800 opera-
tion days. The predicted results of the production rate, the
corresponding observed data, and the residual error are pre-
sented in Table 5. Acceptable agreements are observed
between the daily plant data and simulation results, thus this
model can successfully satisfy the industrial conditions.
According to the reported results, the deviation is observed

from the reported plant values. It is due to underestimating
the actual kinetics and reaction rate of naphtha reforming.

Steady-state model validation

Table 6 demonstrates the plant data for CTR and predicted
mole fractions of components at the output of the system for
the steady-state condition. Analyses of components (paraffin,
olefins, naphthene, and aromatic) are performed by PONA
Test in Stan Hop Seta apparatus. The aromatic is tested spe-
cially by ASTM 2159 equivalent to UOP 273 method.42

Results and Discussions

To find a proper number of interior collocation points which
provide satisfactory results, the temperature of the first reactor is
plotted vs. the mass of catalyst for different interior collocation
points in Figure 4. In Figure 4a, 1, 2, and 3 as well as, in Figure
4b, 1, 5, and 7 interior collocation points have been used,
respectively. As it is shown in Figure 4a, when the number of
interior collocation points is not enough, the diversity appears
between the curves. However, by increasing the number of inte-
rior collocation points (Figure 4b), the discrepancy between the

Table 5. Comparison Between Predicted Production Rate and Plant Data (Unsteady-State Model Validation)

Time (day) Naphtha Feed (ton/h) Plant (kmol/h) Tubular (kmol/h) Deviation %: 100*(Tubular-Plant)/Plant Spherical (kmol/h)

0 30.41 225.90 221.5802 �1.91 219.2983
34 30.41 224.25 222.5122 �0.77 220.2618
62 31.00 229.65 227.9313 �0.75 225.7263
97 30.78 229.65 226.7749 �1.25 224.5911
125 31.22 229.65 230.7985 þ0.50 228.6526
160 31.22 229.65 231.2730 þ0.71 229.1520
188 28.55 211.60 209.8377 �0.83 207.6284
223 30.33 222.75 224.7191 þ0.88 222.6013
243 31.22 233.05 232.1821 �0.37 230.1117
298 30.67 228.65 228.1752 �0.21 226.1110
321 30.76 227.64 229.0932 þ0.64 227.0446
398 42.35 317.30 324.5555 þ2.28 323.0820
425 42.32 317.94 324.4826 þ2.05 323.0228
461 42.32 317.94 324.6987 þ2.12 323.2582
490 42.32 317.94 324.8622 þ2.17 323.4366
524 42.32 313.09 325.0433 þ3.81 323.6341
567 42.54 317.94 327.0586 þ2.86 325.6805
610 42.54 313.90 327.2581 þ4.25 325.8980
717 37.86 286.15 289.3742 þ1.12 287.8223
771 38.51 282.10 294.9026 þ4.53 293.4003

Table 6. Comparison Between Model Prediction and Plant Data for Fresh Catalyst (Steady-State Model Validation)

Reactor No. Inlet Temperature (K) Inlet Pressure (kPa)
Catalyst Distribution

(wt %)
Input Feedstock

(mol %)

1 777 3703 20 Paraffin 49.3
2 777 3537 30 Naphthene 36
3 775 3401 50 Aromatic 14.7

Outlet temperature (K) Aromatic in reformate (mol %)

Plant CTR SMR Plant CTR SMR

1 722 727.3 727.8 � 34.67 35.15
2 753 751.0 751.2 � 47.19 47.73
3 770 770.5 769.7 57.70 56.18 57.67
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curves disappears. The curves with 5 and 7 interior points cover
each other thoroughly. Therefore, the N ¼ 5 is the most accurate
choice.

The hydrogen molar flow rate along AF-SPBR is depicted
in Figure 5. As it can be seen, the hydrogen molar flow rate
increases along the first and the second reactors. The smaller
graph in Figure 5 magnifies the hydrogen molar flow rate in
the third reactor. The hydrogen production rate increases
gradually, reaches its maximum and then decreases in the
third reactor due to equilibrium limitations. In other words,
hydrogen is consumed in the third reactor and its molar flow
rate decreases. Consequently, the idea of using the mem-
brane layer is a proper suggestion.

The effect of L/R ratio

The effect of L/R ratios on the pressure is an important
issue. The effect of different L/R ratios on the pressure vs.
the mass of catalyst is depicted in Figure 6a. The pressure
drop increases suddenly at the inlet and the outlet of the re-
actor due to smaller cross-sectional area at these points. As

proceeding along the reactor, the cross-sectional area
increases gradually and the pressure drop becomes approxi-
mately constant. Consequently, the location of perforated
screens can be adjusted to reach the desired pressure drop.
The Ergun equation justifies all these observations. Figure
6b shows the effects of different L/R ratios on the H2/HC
molar ratio. In lower L/R ratios, less area of the inner sphere
is coated by a membrane layer. Thus, it causes lower hydro-
gen permeation rate and higher H2/HC molar ratio. It is rec-
ommended to maintain H2/HC molar ratio in the range of
4–6 Ref. 42 in naphtha reforming process to reduce coking
and prevent a huge load on the catalyst during the operation.
The inlet H2/HC molar ratio to the first reactor equals 4.73
in CTR; however, it will not be allowed to fall below this
ratio during the recent study by adjusting the permeation
pressure. The L/R ¼ 0.9 has the best H2/HC molar ratio
however the pressure drop is unacceptably high. Proper ratio
can shift the reaction to hydrogen and aromatic production,
whereas it may reduce the pressure drop through the reactor.
Therefore, it is not economical to work in this L/R ratio
because of high operating costs. On the other hand, working
at L/R ¼ 0.5 is not logical because most of the reactor space
is empty without any catalyst. According to these criteria,
the L/R ¼ 0.8 is a proper choice. The related permeation
pressures (by considering L/R ¼ 0.8) which keep the H2/HC
molar ratio at a minimum value of 4.73 and higher in all
three reactors are 1025, 1780, and 1921 kPa, respectively.

A comparison between CTR and AF-SPBMR
configurations

The H2/HC molar ratio vs. the mass of catalyst for CTR
and spherical membrane reactor (SMR) is shown in Figure
7a. The H2/HC molar ratio increases along CTR due to con-
tinuous hydrogen production; however, its variation is lim-
ited along SMR. The hydrogen production rate is higher
than its permeation rate at the entrance of each reactor in
SMR, mainly due to its higher temperature, which causes
increasing/decreasing trends (maximum point). The molecu-
lar weight vs. the mass of catalyst for CTR and SMR is
illustrated in Figure 7b. As it can be seen, the molecular

Figure 4. The temperature of the first reactor vs. the
mass of catalyst (a) with 1, 2, and 3 as well
as (b) 1, 5, and 7 interior orthogonal colloca-
tion points.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 5. Hydrogen molar flow rate along AF-SPBR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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weight decreases along the CTR configuration as it can be
expected. Heavy molecules are cracked and smaller mole-
cules are formed during the naphtha reforming process.
Because of the hydrogen removal from the tube side of
SMR, the average molecular weight increases. In fact,
hydrogen is the lightest component in naphtha reforming
process. The minimums in the molecular weight are exactly
proportional to the maximums in Figure 7a. Higher H2/HC
molar ratio leads to higher hydrogen content and lower aver-
age molecular weight.

The aromatic molar flow rate vs. the mass of catalyst for
CTR and SMR is demonstrated in Figure 8a. The aromatic
yield increases in SMR in comparison with the one in CTR.
Considering the small graph shown in Figure 8a, the aro-
matic yield increases with the rate of 3 kmol/h in SMR
which results in a very large amount per year. The total
hydrogen production rate for CTR and SMR is depicted in
Figure 8b. The total hydrogen production rate increases
with the rate of 5 kmol/h. Considering the small graph
shown in Figure 8b, using membrane can satisfy the antici-
pated results and solve the problem of undesirable hydrogen
consumption in the third reactor according to the Le Chate-

lier’s principle. The hydrogen production rate does not
decrease in SMR. In fact, this parameter increases as it can
be seen in Figure 8b. Molar flow rates of reactants and
products vs. the mass of catalyst for CTR and SMR are
illustrated in Figure 8c. Naphthene and paraffin consump-
tion rates in SMR are higher compared with CTR. Also, the
light ends are produced more in SMR. The main reactions
in the third reactor are light end reactions. Most of the off
gases (light ends) are produced by the paraffin consumption
(compare the graphs of paraffin and light ends). In other
words, the light ends production rate is strongly affected
by temperature. Therefore, a majority of light ends are
produced in the third reactor, which has the highest temper-
ature profile. Each break point in these figures indicates the
inlet temperature of the following reactor. As temperature
is increased by applying preheaters at the inlet of each reac-
tor, the reaction rates change and discontinuities appear in
the figure.

The pressure profiles are illustrated in Figure 9. At L/R ¼
0.8, the pressure drop in SMR is considerably lower than the
one in CTR. The sudden changes in the pressure profile of
SMR (as clearly shown in Figure 6a) are related to the inlet
and the outlet points of each reactor. At these points, higher

Figure 6. The effect of different L/R ratios on (a) pres-
sure and (b) the H2/HC molar ratio, vs. the
mass of catalyst.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 7. (a) The H2/HC molar ratio and (b) the molecu-
lar weight, vs. the mass of catalyst for CTR
and SMR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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pressure drop is encountered due to huge amount of fluid
entering and leaving small inlet and outlet zones.

The temperature profile of the reaction side for CTR and
SMR is illustrated in Figure 10a. Trend of temperatures are
similar in both configurations. As previously mentioned, the
naphtha reforming reactions are highly endothermic. Thus,
the temperature decreases along the reactors. The dehydro-
genation reaction (Eq. 1) in the first reactor results in a con-

siderable decrease in the temperature of the first reactor.
The catalyst activity of both configurations is plotted in Fig-
ure 10b. According to the catalyst deactivation rate (Eq. 20),
the catalyst activity has a reverse relationship with the
temperature. Therefore, the third reactor with the highest
temperature profile (see Figure 10a) has the lowest catalyst
activity. Because of a decrease in the temperature along the
reactor, the catalyst activity rises as proceeding along the
reactors.

Permeation side

The sweeping gas temperature profile is shown in Figure
11a. The sweeping gas inlet temperature is considered to be
777 K the same as the inlet naphtha feed temperature enters
the first reactor. The sweeping gas temperature decreases
due to its heat exchange with the tube side. In other words,
the sweeping gas provides a heat source for the reaction
side of the first and the second reactors. The temperature
profile of the third reactor (Dimensionless axial position:
0.5–1) clarifies that the parallel flow of the sweeping gas
could possibly be more effective to increase the aromatic
production rate. Here, the undesired heat transfer from the
reaction side leads to an increase in the sweeping gas tem-
perature.

The average molecular weight and the hydrogen mole
fraction along the shell sides are illustrated in Figure 11b.
The molecular weight of the sweeping gas decreases along
the reactor due to the hydrogen permeation from the reaction
side to the shell side. The hydrogen mole fraction increases
from 0.69 to 0.78.

The effect of time

Time is an important parameter which is considered in the
following 3-D graphs. The catalyst is deactivated in the
course of time. As it can be seen in Figure 12a, at the en-
trance of the first reactor, the catalyst activity is lower com-
pared with the other parts due to higher gas temperature at
the entrance of the reactor. A contour plot of the catalyst

Figure 8. (a) The aromatic molar flow rate, (b) the total
hydrogen production, and (c) naphthene and
paraffin and light ends, vs. the mass of the
catalyst for CTR and SMR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 9. The pressure profile vs. the mass of catalyst
for CTR and SMR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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activity in the first reactor is provided in Figure 12b to show
the effect of temperature on the catalyst lifetime. As previ-
ously mentioned, higher catalyst activity along the reactor in
each specific time can be justified by the temperature profile
of the reactor. Similarly, the catalyst activity of the second
reactor decreases as time goes on (Figure 12c). The catalyst
activity of the third reactor is the least (Figure 12d) due to
higher temperature profile of the third reactor in comparison
with the first and second reactors.

The reaction rates decrease as the catalyst activity
decreases. Thus, a decrease in the production rates and an
increase in the reactant rates are anticipated as time goes on.
To investigate the deduction, the reactants and products
molar flow rates as functions of time and the length of the
third reactor are depicted in the following graphs. Because
of the catalyst deactivation, the paraffin molar flow rate
(unreacted paraffin) increases with time (see Figure 13a).
Because paraffin is a reactant, its molar flow rate decreases
along the third reactor. The same trend is observed for naph-
thene molar flow rate (see Figure 13b). The naphthene molar
flow rate decreases along the reactor, however, it increases
in the course of time.

The aromatic molar flow rate vs. time and the length of
the third reactor is depicted in Figure 14a. The aromatic
molar flow rate decreases in the course of time, however, it
increases along the third reactor. At any intersection of three
reactors in Figure 14b, the light ends molar flow rate
decreases with time mainly due to catalyst deactivation
(dynamic situation). Figure 14c shows the total hydrogen
production rate. Hydrogen has a dual role in naphtha reform-
ing reactions, i.e., it acts in the first reaction as a product
and simultaneously in the second, the third, and the fourth
reactions as a reactant. The hydrogen production and con-
sumption rates (by reactions no. 1 3, and 4, respectively)
decrease in the course of time due to the catalyst deactiva-
tion. However in SMR, the decrement in hydrogen consump-
tion prevails over the decrement in its production which
leads to a slight increase in hydrogen production rate with
time.

The effect of flow ratio augmentation

One of the advantages of Sphs is that the flow rate can
be increased without any sever pressure drop. The pressure

Figure 11. (a) The sweeping gas temperature profile
and (b) the molecular weight of the sweep-
ing gas and the hydrogen mole fraction, vs.
the mass of catalyst.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 10. (a) The temperature profile and (b) the cata-
lyst activity, vs. the mass of catalyst for CTR
and SMR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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drop in Sphs is less than the one in tubs. The effect of flow
scale up ratio (FR) on the pressure, hydrogen, and the aro-
matic yield is taken into consideration. FR compares the
feed stream of the spherical configuration with the tubular
one. The effect of various FRs on the outlet pressure of the
third reactor of CTR and SMR are compared in Figure 15a.
The prediction of the behavior of naphtha reactions is too
complicated. Even a small change in the inlet conditions of
the first reactor can significantly affect the reactions and
the trends in all reactors. At low flow ratios (i.e., FR ¼
0.1), the aromatic yield increases along the first and the
second reactors; however, it decreases along the third reac-
tor. The further increase in the feed molar flow rate
increases the aromatic production. For higher FRs, the pres-
sure drop as well as lower residence time, reduces the prod-
ucts yield in CTR. SMR has the potential to increase the
products yield by the hydrogen removal from the reaction
side. Consequently, the aromatic yield in SMR is more than
the one in CTR for different FRs (Figure 15b). It is not
possible to increase the feed flow ratio of CTR more than
2.5; however, it can be increased to even more than 4 for
SMR. The effect of the FR on the hydrogen yield for CTR
and SMR is illustrated in Figure 15c. Higher hydrogen yield

is observed as the FR ratio increases. When FR is low, a
part of hydrogen turns into light ends via the third and
fourth reactions in the third reactor and the hydrogen
amount decreases due to higher temperature of the third re-
actor. In a specific range of FR, lower residence time of
reactants in the catalytic bed acts against the above men-
tioned issue (simultaneous FR and hydrogen increase), and
the change in hydrogen yield is negligible. Moreover, the
products yield decreases at high flow ratios due to the pres-
sure drop and lower residence time. Assisting membrane in
SMR configuration acts properly and partially compensates
this problem.

The definition for hydrogen and the aromatic yields is as
follows:

Yi ¼ Fi

FParaffine þ FNaphthene þ FAromatic

(21)

where i denotes hydrogen or aromatic.
The preceding plots show the superiority of AF-SPBMR

to the conventional one. Also, they can be beneficial during
the operation.

Figure 12. (a) Catalyst activity vs. time and the length of the first reactor, (b) a contour plot for catalyst activity in
the first reactor, (c) the catalyst activity vs. time and the length of the second reactor, and (d) catalyst
activity vs. time and the length of the third reactor.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Optimization (DE Algorithm)

The decrease in products yield and the increase in produc-
tivity are observed owing to flow ratio augmentation. When
the flow ratio increases, the products yield decrease as a
result of a reduction in the residence time and predominantly
the reaction rates. The solution to this unfavorable observa-
tion is achieved by optimization techniques. Some decision
variables are identified, which can affect the aromatic and
hydrogen yields. The most important decision variables are
the inlet feed temperature, the sweeping gas pressure, the
sweeping gas temperature, and the sweeping gas mole frac-
tion. A case study is taken into consideration to imply the
performance of these parameters on the products yield by
the optimization techniques. Therefore, it is explained how
to adjust the decision parameters to achieve the same yield
similar to the case of no flow scale up ratio (FR ¼ 1). The
optimized parameters for a number of FRs are explained in
Table 7. In fact, the variables adjust the circumstances in a
way that the same results are achieved as before when the
flow ratio has been changed. For the last two flow ratios (FR
¼ 2.5 and FR ¼ 3), 13% and 42% increases are considered

in the amount of catalysts in reactors during the optimization
step.

The corresponding optimized results for hydrogen and aro-
matic productions before and after the flow scale up ratios
(FR ¼ 2) are presented in Figures 16a, b. A brief description
on the DE algorithm is given in Appendix C.

These kinds of data can be beneficial during the field
operation in the process control unit.

Conclusions

AF-SPBMR has been proposed as a novel configuration
for catalytic naphtha reforming process. The performance of

Figure 13. (a) The paraffin molar flow rate and (b) the
naphthen molar flow rate, vs. time and the
length of the third reactor.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 14. (a) The aromatic molar flow rate, (b) the light
ends molar flow rate, and (c) the total
hydrogen production rate vs. time and the
length of the third reactor.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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these Sphs with the axial-flow pattern has been investigated
in this manuscript. Membrane technology is assisted in this
configuration to enhance the aromatic production and pro-
duce pure hydrogen as an important chemical feed stock.
Because higher flow rate of feed can be introduced in Sphs,
some decision variables have been determined by DE opti-
mization method to compensate the decrease in the aromatic
yield caused by the flow ratio augmentation. Although the

operational performance of such a new configuration is
unknown and there are numerous problems before commer-
cialization, such a theoretical investigation provides a proper
primary foresight about the operation of new reactor. The
experiments can be carried out in conjunction with the
mathematical modeling to improve the predicted results of
the model and become a powerful tool for designing new
plants.

Table 7. The Obtained Results for Optimization (DE) Section

Reactor No.
Inlet Temperature

of Reaction Side (K)
Sweep Gas

Pressure (kPa)
Sweep Gas

Temperature (K)
Sweep Gas

Composition (% H2)
Catalyst

Scale-Up Ratio

Flow scale up ratio (FR ¼ 1.5)
First reactor 781.649 595.379 792.324 0.696 1.000
Second reactor 784.586 1192.779 – – 1.000
Third reactor 781.258 1455.297 – – 1.000

Flow scale up ratio (FR ¼ 2)
First reactor 781.488 377.256 780.903 0.683 1.000
Second reactor 780.754 1135.830 – – 1.000
Third reactor 791.926 913.552 – – 1.000

Flow scale up ratio (FR ¼ 2.5)
First reactor 777.419 408.122 799.800 0.659 1.134
Second reactor 784.899 607.0159 – – 1.134
Third reactor 788.899 590.467 – – 1.134

Flow scale up ratio (FR ¼ 3)
First reactor 777.687 484.510 786.118 0.652 1.427
Second reactor 786.439 719.755 – – 1.427
Third reactor 796.549 490.410 – – 1.427

Figure 15. The effect of flow ratio on (a) the outlet pressure of the third reactor, (b) the aromatic yield, and (c) the
hydrogen yield, for CTR and SMR.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Notation

a ¼ catalyst activity
aij ¼ element of matrix A
A ¼ moles of aromatic formed (kmol h–1)
A ¼ matrix defined in Eq. B12
Ac ¼ cross section between the inner and the outer sphere

(m2)
Ac1

¼ cross-section area of catalytic packed-bed reactor (inner
sphere) (m2)

Ap ¼ perimeter area of the inner sphere (m)
B ¼ matrix is defined in Eq. B12
bij ¼ element of matrix B
Cj ¼ concentration of component j (kmol m�3)
Ci ¼ coefficient of Eqs. A1 and A2
Cj0 ¼ inlet concentration of component j (kmol m�3)
Cp ¼ specific heat capacity (kJ kmol�1 K�1)
dp ¼ particle diameter (m)
Dej

¼ effective diffusivity of component j (m2 s�1)
Dim ¼ diffusivity of component i in the gas mixture (m2 s�1)
Ed ¼ activation energy of catalyst (J mol�1)
Ei ¼ activation energy for ith reaction, (kJ kmol–1)
hf ¼ heat-transfer coefficient (W m�2 K�1)

HC ¼ hydrocarbon molar flow rate (kmol h�1)
H2 ¼ hydrogen (kmol h�1)
J ¼ Jacobi function

keff ¼ effective thermal conductivity (W m�1 s�1)
kci ¼ mass-transfer coefficient for component i (m h�1)
kf1 ¼ forward rate constant for reaction (1) (kmol h�1 kgcat�1

MPa�1)
kf2 ¼ forward rate constant for reaction (2) (kmol h�1 kgcat�1

MPa�2)
kf3 ¼ forward rate constant for reactions (3) (kmol h�1

kgcat�1)
kf4 ¼ forward rate constant for reactions (4) (kmol h�1

kgcat�1)
Ke1

¼ equilibrium constant (MPa3)
Ke2

¼ equilibrium constant (MPa�1)
Kd ¼ deactivation constant of the catalyst (h�1)
L ¼ length of reactor (m)
lj ¼ building block of Jacobi polynomial
m ¼ number of reaction
mc ¼ mass of catalyst (kg)
Mi ¼ molecular weight of component i (kg kmol�1)
Mw ¼ average molecular weight of the feedstock (kg kmol�1)
n ¼ average carbon number for naphtha
n ¼ number of component
N ¼ degree of Jacobi function

NA ¼ molar flow rate of aromatic (kmol h�1)
Ni ¼ molar flow rate of component i (kmol h�1)
p ¼ moles of paraffin formed (kmol h�1)
Pi ¼ partial pressure of ith component (kPa)
P ¼ total pressure (kPa)
Q ¼ volumetric flow rate (m3 s�1)
R ¼ radius (m)
ri ¼ rate of reaction for ith reaction (kmol kgcat�1 h�1)
Rg ¼ gas constant (kJ kmol�1 K�1)
sa ¼ specific surface area of catalyst pellet (m2 kg�1)
t ¼ time (h)
T ¼ temperature of gas phase (K)

Tref ¼ reference temperature (K)
TR ¼ reference temperature (K)
uz ¼ axial velocity (m s�1)
x ¼ variable represent length of reactor (m)
yN ¼ Jacobi polynomial of degree (N)
yi ¼ mole fraction for ith component in gas phase
yis ¼ mole fraction for ith component on solid phase
vc ¼ critical volume (cm3 kmol�1)
y
0
N ¼ first derivative of Jacobi equation
y
00
N ¼ second derivative of Jacobi equation

Greek letters

a ¼ characteristic parameter of Jacobin equation
b ¼ characteristic parameter of Jacobin equation
c ¼ coefficient of Eq. A1
e ¼ void fraction of catalyst bed
l ¼ viscosity of gas phase (kg m�1 s�1)
vij ¼ stoichiometric coefficient of component i in reaction j
q ¼ density of gas phase (kg m�3)

qB ¼ catalyst bulk density (kg m�3)
r ¼ tensile stress (Nm�2)
fs ¼ sphericity
DH ¼ heat of reaction (kJ kmol�1 of H2)

Subscripts

a ¼ aromatic
h ¼ hydrogen
i ¼ numerator for reaction
j ¼ numerator for component
n ¼ naphthene

out ¼ outlet
p ¼ paraffin
ss ¼ steady state
T ¼ transpose

Abbreviations

AF-SPBMR ¼ axial flow spherical packed-bed membrane reactor
CTR ¼ conventional tubular reactor
FBP ¼ final boiling pint (�C)

Figure 16. The results of running program with the
optimized parameters for FR 5 2 on (a) aro-
matic yield and (b) hydrogen yield.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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IBP ¼ initial boiling pint (�C)
L.E ¼ Light ends

LHSV ¼ liquid hourly space velocity (h�1)
OF ¼ objective function
Pt ¼ platinum
Re ¼ rhenium

RON ¼ research octane number
SMR ¼ spherical membrane reactor
Sph ¼ spherical reactor
tub ¼ tubular reactor

TBP ¼ true boiling point (K)
WHSV ¼ weight hourly space velocity (h�1)
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Appendix A: Auxiliary Correlations

Gas phase viscosity

Viscosity of reactants and products is obtained from the
following formula:

l ¼ C1T
C2

1þ C3

T þ C4

T2

(A1)

where l is the viscosity in Pa s and T is the temperature in
K. Viscosity is at 1 atm.43 Constants of Eq. A1 for reactant
and product are presented in Table A1.

Gas phase heat capacity

Heat capacity of reactants and products at constant pres-
sure is obtained from the following formula:

Cp ¼ C1 þ C2

C3

T

sin hðC3

T Þ

" #2

þ C4

C5

T

cos hðC5

T Þ

" #2

(A2)

where Cp is in J/(kmol K) and T is in K.43

Constants of Eq. A2 for reactants and products are pre-
sented in Table A2. To complete the simulation, extra corre-
lations should be added to the model. In the case of hetero-
geneous model, because of transport phenomena, the correla-
tions for estimation of heat and mass transfer between two

phases should be considered. It is because of the concentra-
tion and heat gradient between bulk of the gas phase and the
film of gas on the catalyst surface, which caused by the re-
sistance of the film layer.

Heat-transfer correlation

The heat-transfer coefficient between the gas phase and
solid phase is obtained by the following correlation.44

hf
cpql

cpl
K

� �2=3

¼ 0:458

eb

qudp
l

� ��0:407

(A3)

where in the above equation, u is superficial velocity of gas
and the other parameters are those of bulk gas phase, dp is
the equivalent catalyst diameter, K is thermal conductivity of
gas, q, l are density and viscosity of gas, respectively, and e
is void fraction of catalyst bed. Molecular weights and criti-
cal volumes of the components and other specifications of
feed at inlet conditions are reported in Table A3.

Appendix B: Orthogonal Collocation Method

Jacobi polynomials

The Jacobi function, JN
(a,b)(x), is a polynomial of degree

N that is, orthogonal with respect to the weighting function
xb(1 � x)a. The Jacobi polynomial of degree N has the
power series as follow:

JN
ða;bÞðxÞ ¼

XN
i¼0

ð�1ÞN�icN;ix
i (B1)

The domain of x is in the range [0, 1].
The evaluation of coefficients is done by using the follow-

ing recurrence formula

cN;i
cN;i�1

¼ N � iþ 1

i
:
N þ iþ aþ b

iþ b
(B2)

Starting with

Table A1. Constant of Eq. A1 for Reactant and Product

Component C1 C2 C3 C4

CnH2n þ 2 4.1306 � 10�8 0.9074 78.2449 0
CnH2n � 6 3.6249 � 10�7 0.6063 208.5202 0
CnH2n 3.6744 � 10�7 0.5868 235.1696 0
H2 1.797 � 10�7 0.6850 �0.59 140
L.E ¼ Light ends 4.9054 � 10�8 0.90125 0 0

Table A2. Constant of Eq. A2 for Reactant and Product

Component
C1

� 10�5
C2

� 10�5
C3

� 10�3
C4

� 10�5 C5

CnH2n þ 2 1.3781 4.4988 1.6369 3.053 746.85
CnH2n � 6 1.166 4.6381 1.672 3.2894 781.46
CnH2n 0.8102 3.4545 1.5531 2.459 700.922
H2 0.27617 0.0956 2.466 0.037 567
L.E ¼ Light ends 0.5192 1.9245 1.6265 1.168 723.6

Table A3. Molecular Weights and Critical Volumes of the
Components and Other Specifications of Feed at Inlet

Conditions

Parameter Value Dimension

Mwm 21.8 g/mol
qg 12.37 kg/m3

cpg 88.3 kJ/kmol K
l 2.87 � 10�2 cp
k 0.181 W/m K
vcp 0.486 m3/kmol
vcn 0.460 m3/kmol
vca 0.375 m3/kmol
vch 0.064 m3/kmol
Mcl.e 0.124 m3/kmol
Mwn 113.9 g/mol
Mwp 115.9 g/mol
Mwa 107.9 g/mol
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cN;0 ¼ 1 (B3)

cN,i are constant coefficients, and a and b are parameters
characterizing the polynomials.

Lagrange interpolation polynomials

For a given set of data points (x1,y1), (x2,y2), …, (xN,yN),
and (xN þ 1, yN þ 1) an interpolation formula passing through
all (N þ 1) points is an Nth degree polynomial. A suitable
interpolation polynomial for the orthogonal collocation
method is Lagrange interpolation polynomial, which passes
through interior collocation points, roots of Jacobi polyno-
mials, and it is expressed as

yNðxÞ ¼
XNþ1

j¼1

yjljðxÞ (B4)

where yN is the Nth degree polynomial, yi is the value of y
at the point xi, and li(x) is defined as

liðxÞ ¼
YNþ1

j¼1
j 6¼i

ðx� xjÞ
ðxi � xjÞ (B5)

Furthermore,

liðxjÞ ¼ 0 i 6¼ j
1 i ¼ j

�
(B6)

The first and second derivative at the interpolation points are:

dyNðxiÞ
dx

¼
XNþ1

j¼1

dljðxiÞ
dx

yj (B7)

d2yNðxiÞ
dx2

¼
XNþ1

j¼1

d2ljðxiÞ
dx2

yj (B8)

for i ¼ 1,2…,N, N þ 1
The first derivative vector, composed of (N þ 1) first

derivatives at the (N þ 1) interpolation points is:

y0N ¼ dyNðx1Þ
dx

;
dyNðx2Þ

dx
;…;

dyNðxNÞ
dx

;
dyNðxNþ1Þ

dx

� �T
(B9)

Similarly, the second derivative vector is defined as

y00N ¼ d2yNðx1Þ
dx2

;
d2yNðx2Þ

dx2
; :::;

d2yNðxNÞ
dx2

;
d2yNðxNþ1Þ

dx2

� �T
(B10)

The function vector is defined as values of y at (N þ 1)
collocation points as

y ¼ ½y1; y2; y3; :::; yN ; yNþ1�T (B11)

By means of these definitions of vectors y and deriva-
tive vectors, the first and second derivative vectors can
be written in terms of the function vector y using matrix
notation

y0 ¼ A:y

y00 ¼ B:y
(B12)

where the matrices A and B are defined as:

A ¼ aij ¼ dljðxiÞ
dx

; i; j ¼ 1; 2;…;N;N þ 1

� 	
(B13)

B ¼ bij ¼ d2ljðxiÞ
dx2

; i; j ¼ 1; 2;…;N;N þ 1

� 	
(B14)

The matrices A and B are (N þ 1, N þ 1) square matrices.
Once the (N þ 1) interpolation points are chosen, then all
the Lagrangian building blocks, li(xi), are completely known,
and thus the matrices A and B are also known.45

Appendix C: DE Optimization Algorithm

The traditional optimization techniques have limited
applications. The main problem of these techniques is the
possibility of finding the local optimum instead of global
one due to their sensitivity to initial guess. Considering
this fact, it is essential to develop more practical optimiza-
tion techniques based on natural phenomena (evolutionary
computation) such as simulated annealing (SA),46 evolu-
tion strategies (ESs),47 genetic algorithms (GAs),48,49 and
DE.50

DE is an efficient and simple optimization technique,51

which is significantly fast and powerful in numerical opti-

mization and is more likely to find a function’s true global

optimum.50 Depending on the type of the optimization

problem, different strategies and different values of number

of population (NP), DE—step size (F), and crossover proba-

bility constant (CR) should be determined. The strategies

can vary based on the vector to be perturbed, number of

difference vectors considered for perturbation, and finally

the type of crossover used. The appropriate value chosen

for NP in this research is 100. DE step size lies in the

range of 0.5–1.0. The crossover probability constant is in

the range of 0.0–1.0. Generally, CR should be as large as

possible.52 More details of basic version of DE, its strat-

egies, and choosing the operating parameters are presented

by Babu and Angira51 and Babu and Munawar.51
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